We introduce a continuous dimension function α : • → R on the Grothendieck group K 0 over the crossed product C * -algebra C(X) φ Z. The function α has an elegant geometry: on every minimal flow φ t it takes the value of the "rotation number" of φ t ; such a problem was posed in 1936 by A. Weil.
Algebraic introduction
Let 1 X be a Cantor set and let C(X) be a C * -algebra of continuous, complexvalued functions on X. Let φ : X → X be a minimal homeomorphism of X. A crossed product C * -algebra C(X) φ Z is a universal C * -algebra generated by C(X) and a unitary operator u such that uf u * = φ(f ) for all f ∈ C(X).
A bulk of important information on C(X) φ Z can be read-off from its Grothendieck's group K 0 which is often calculable and handier in work. Due to Elliott [4] we know that for the approximate finite (AF) C * -algebras its (ordered) K 0 -group encodes all the information on AF-algebra. Unfortunately C(X) φ Z is not AF, but can be embedded into an AF-algebra whose K 0 -group is order isomorphic to the K 0 -group of our crossed product algebra; this deep result belongs to Putnam [11] .
Can one 'compute' K 0 for the concrete crossed product C * -algebras? In the important case of the irrational rotation algebra A α (i.e. when X = S 1 and φ(x) = x + α) the answer is yes. As it shows one beautiful result of Effros and Shen, the group K 0 is nicely connected with the 'geometry' of α. Theorem 1 ([3] ). Let A α be an irrational rotation C * -algebra. Suppose that the real number α has a continued fraction expansion α = a 0 + 1
Let ϕ n be a composition of isometries of the lattice Z 2 ⊂ R 2 :
Then A α can be embedded into an AF -algebra whose K 0 -group is order isomorphic to the direct limit of ordered abelian groups P α = lim n→∞ An inspiration behind this note was to extend Theorem 1 to the case when X is a Cantor set and φ is a minimal homeomorphism on X. Clearly, as a trophy one would expect a rotation number, α, which generalizes the Poincaré rotation number to the case of flows on the closed surfaces of genus g > 1; this is exactly the Weil's problem of 1936; cf. [12] . We prove more, by showing that (modular equivalent) α's are complete invariants of the topological conjugacy of minimal flows and (up to Morita equivalence) of the corresponding crossed product C * -algebras.
Calculation of
Let φ : X → X be a minimal homeomorphism on the Cantor set X. It was shown in [11] that the suspension of φ is a minimal foliation 2 on the closed manifold M of dimension (dim X) + 1. For the sake of simplicity we let further dim X = 1 so that M is a closed 2-dimensional manifold with a minimal flow φ t on it. The Cantor set X ⊂ S 1 in this case corresponds to the intersection of the closure of a (discontinuous) geodesic line γ in the metric of constant negative curvature on M with the closed transversal S 1 ; cf. [10] .
With no exception, M is given by its universal covering representation (H, Γ) where H = {z = x + iy ∈ C : y ≥ 0} is the Lobachevsky (half-) plane endowed with the hyperbolic metric ds = |dz|/y and Γ is a discontinuous group of isometries of H.
We identify Γ with the principal congruence group Γ(n) = ± 1 0 0 1 Mod n, n ∈ N.
It is well known that on H the geodesic lines are represented either by semicircles or straight lines orthogonal to the absolute y = 0. By the ergodicity of geodesic flow 3 over M every geodesic line in H can be 'iterated' arbitrarily close by the images Γ i (p) of a geodesic line p belonging to a certain set of full Lebesgue measure at the absolute. (This is exactly an Approximationssatz established by Myrberg [9] in 1931.) Now we are ready to introduce the following important quantity connected with the C * -algebra C(X) φ Z:
Letγ be a covering of the geodesic line γ at the Lobachevsky plane H. Let S 0 be the fundamental polygon of the group Γ bounded by the geodesic sides a 1 , b 1 , . . . , a 2g , b 2g which represent generators of the group π 1 (M ). Let ε 1 , ε 2 , . . . be a monotone sequence of positive real numbers tending to zero. Let, finally, T 0 , T 1 , T 2 , . . . be an infinite sequence of isometries Γ(n)'s which approximate the geodesic lineγ by the images of a fixed geodesic side of S 0 with the accuracy ε 0 , ε 1 , ε 2 , . . . . By a rotation number of the C * -algebra C(X) φ Z one understands a real number α = [a 0 , . . . , a n0 , a n0+1 , . . . , a n1 , . . . ], where Connected with the rotation number α there is a dimension group (L, L + ) nested at the abelian lattice L Z 2g . To introduce the latter, let us consider an infinite sequence of the positive cones L + 0 , L + 1 , . . . which correspond to the sequence of hyperplanes L 0 , L 1 , . . . in R 2g . (These hyperplanes are the 'lifting' to R 2g of the approximants T 0 , T 1 , . . . of the geodesicγ in H.) We define the dimension group (L, L + ) as a limit of the ordered abelian groups (L 0 , L + 0 ), (L 1 , L + 1 ), . . . . Let us denote by B α an AF C * -algebra whose K 0 -group is order isomorphic to (L, L + ). The following embedding lemma is used in calculation of the Grothendieck's group K 0 .
Lemma 1. There exists an embedding
is an isomorphism of the ordered abelian groups.
Proof. The proof is based on the 'tower' construction; cf. Davidson [2] . Let Y ⊂ X be a closed subset of the Cantor set X. Let φ : X → X be a minimal homeomorphism on X. Define an integer-valued function λ : Y → Z by the formula
Note that λ is a well-defined function on Y and takes only finite number of values on it. We let λ(Y ) = {J 1 , J 2 , . . . , J K } be an ordered sequence of positive integers J 1 < J 2 < · · · < J K . Finally, for k = 1, 2, . . . , K and j = 1, 2, . . . , J K we define the closed-open ("clopen") subsets Y (k, j) = φ j (λ −1 (J k )). The collection {Y (k, j)|j = 1, . . . , J k } is called a tower of height J k . Connected with every 'tower' there is a multi-matrix C * -algebra
ij are chosen accordingly with the formula e
(Here u is unitary operator on the C * -algebra C(X) and χ Y (k,i) is the characteristic function of the set interval Y (k, i).)
Now fix K = 2g, where g is genus of the underlying surface M . Taking a chain of inclusions Y 0 ⊃ Y 1 ⊃ . . . such that Y i = {y} is a point in X, one gets a sequence of towers converging to an AF C * -algebra A {y} . Let P α be a dimension group corresponding to the AF-algebra A {y} . By ϕ i 's we denote positive integer unitary
where T 0 , T 1 , T 2 , . . . is the defining sequence for the rotation number α. Since Z 2g L, there exists an order isomorphism i n :
It remains to take the limit i = lim m→∞ i m which closes the infinite commutative diagram. Therefore, P α is order isomorphic to the dimension group (L, L + ) of the lattice L.
The rest of the proof follows from Putnam's theorem (Theorem 4.1 of [11] ) which says that C(X) φ Z is embeddable into the AF-algebra A {y} so that K 0 (C(X) φ Z) P α . Lemma 1 is proved. 
Rotation numbers of minimal flows
Let M be a closed orientable surface of genus g > 1. With a little abuse of notation a C ∞ flow φ t on M will be called minimal if every non-stationary trajectory of φ t is everywhere dense in M and the set Sing φ t consists of 2m-separatrix saddles, m ≥ 2. Let S 1 be a cross-section to the minimal flow φ t on M . Let φ : S 1 → S 1 be the first return mapping induced on S 1 by φ t . We have a partition of S 1 ∼ = [0, 1) into the semi-intervals I i = [x i−1 , x i ) where 0 = x 0 < x 1 < · · · < x r = 1 are the points where the separatrices of φ t intersect first with S 1 . φ is known to permute the order of I i on S 1 : (I 1 , I 2 , . . . , I r ) → (I π(1) , I π(2) , . . . , I π(r) ), where π is the corresponding permutation group.
By the minimality of flow the set of points Λ = {φ n (x i )|0 ≤ i < r; n ∈ Z} is everywhere dense in S 1 . If we "blow-up" each separatrix of the initial flow φ t , then each point in Λ will split into two points, y 1 < y 2 , at S 1 . Throwing-out all the open intervals (y 1 , y 2 )'s one comes to the Cantor set X on S 1 . X corresponds to the intersection of S 1 with the closure of the discontinuous geodesic lineγ built upon the flow φ t ; cf. Aranson et al. [1] . One defines a homeomorphism φ : X → X so that it coincides on the set S 1 \Λ with the initial mapping φ : S 1 → S 1 .
A C * -algebra of continuous complex-valued functions on X crossed by the action of powers of φ is * -isomorphic to C(X) φ Z; cf. Putnam [11] . A real number α connected with the C * -algebra C(X) φ Z is called a rotation number of the minimal flow φ t . It was shown in [10] that, up to a relation which identifies modular equivalent numbers, α is uniquely defined by the flow φ t . Moreover, α is a complete 'modular' invariant of the topological equivalence 4 of the minimal flows on M . Proof. Necessary conditions. Suppose that two minimal flows φ t , ψ t are topologically equivalent: ψ t = hφ t h −1 . Let γ φ , γ ψ be the respective geodesics lines, which define the equivalence classes of these flows; cf. Aranson et al. [1] . Let, finally, Clos γ φ , Clos γ ψ be the closures of the geodesic lines γ φ , γ ψ on the Lobachevsky plane H.
Take arbitrary connected components,γ φ andγ ψ , in the preimages of γ φ and γ ψ on H. Since flows φ t and ψ t are equivalent, bothγ φ andγ ψ belong to the same set Clos γ φ ≡ Clos γ ψ at H. This means that there exists an isometry h ∈ Γ such that γ ψ =hγ φh −1 . By the basic property of continued fractions the rotation numbers α and β are modular equivalent.
Sufficient conditions. Let us assume now that α and β are modular equivalent. In constructing the conjugacy homeomorphism h : ψ t = h • φ t • h −1 , the following lemma is instrumental.
Lemma 2.
Suppose that the flows φ t and ψ t are as specified before. Let α β be their modular equivalent Artin's numbers. Then, φ t and ψ t have mutually homotopic, transversal cycles, C φ and C ψ , intersecting the respective geodesics lines, γ φ and γ ψ .
Proof of lemma. Let γ φ and γ ψ be as before. Since α β, there exists a connected component in the preimages of γ φ and γ ψ on the universal covering, such that γ φ =γ ψ =γ. Let us further denote byφ t andψ t the corresponding flows on the covering surfaceM .
Every transitive flow on M admits a transversal cycle; see Aranson et al. [1] . Take one of our flows, say φ t ; clearly, it is transitive on M . Denote by C φ the corresponding transversal cycle. LetC be a connected component of its lifting to the universal covering surfaceM . Let us show thatC is a transversal cycle to the flowψ t , as well.
Indeed, suppose to the contrary, that p ∈C is a contact point to the flowψ t . By the assumption,γ ψ is an everywhere dense trajectory of the flowψ t . In particular, it approximates deliberately close the trajectory l(p) of the flowψ t , issued through
